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distance scale, single reflections may be located to an ACKNOWLEDGMENT

accuracy of about 0.1 cm.

When obtaining a Smith chart display of reflections

at a fixed frequency, instrument errors may be canceled

by altering the differential gains of the difference am-

plifier to shift the point corresponding to a perfectly

matched load (the center of the circle traced by a sliding

load) exactly into the center of the screen.

VI. SUMMARY

A swept-frequency instrument has been described,

capable of producing either a visual or a permanent

record of reflections along waveguide components or in

space. Individual reflections in the range I I’\ = 0.0005

to full reflections maybe indicated both in position and

in magnitude and phase. There is no inherent upper

frequency limitation to the technique; therefore instru-

ments can be constructed to operate in any waveguide-

size system. As a by-product, a single frequency or swept

Smith chart display is available referred to a freely

chosen plane.

The author wishes to thank Dr. D. L. Hollway and

I. G. Morgan for their helpful discussions and P. W.

Campbell, who manufactured the special waveguide

components.
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Theory and Operation of a Reciprocal

Faraday-Rotation Phase Shifter

WILLIAM E. HORD, ND3MBER, IEEE, FRED J. ROSENBAUM, SENIOR MEMBER, IEEE,

AND JAMES A. BENET, MEMBER, IEEE

Abstract—The operation of a longitudinally magnetized fully

filled square-waveguide reciprocal-ferri~e phase shifte~ is described.
The frequency characteristics of the phase shifter are predicted and
measured. An error analysis, including rotational errors incurred in
wide-band operation and manufacturing tolerances, is used to pre-

dict the 10SS performance of the device. The effect of the ferrite
parameters and the waveguide geometry on phase-shifter perfor-
mance may be calculated using this analysis. The variation of the
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phase shift with temperature as well as high-power effects are pre-

sented, and design considerations, including choice of ferrite satu-

ration magnetization for wide-band performance, are discussed.
Experimental results closely confirm the key aspects of this theory.

1. INTRODUCTION

A

LTHOUGH ferrite-loaded waveguidirrg structures

have long been used as phase-shifting elements

[1]- [7], design procedures for reciprocal phase

shifters have remained largely empirical. The principle

reason is that the ferrite–microwave field interaction in

many useful phase-shifter geometries cannot be calcu-

lated exactly. An excellent example is the Reggia–Spen-

cer device in which a longitudinally magnetized ferrite
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rod inhomogenously loads a rectangular waveguide. Re-

cently, however, approximation procedures have been

developed which provide results sufficiently accurate so

that useful design information for certain simple wave-

guide cross sections can be obtained [8 ]– [1 O]. It is our

purpose in this paper to analyze the operation of a fully

loaded square cross-section Faraday-rotation reciprocal

phase shifter and to present design criteria for this de-

vice.

A saturated ferrite may be described by a scalar rela-

tive permittivity ej and a tensor permeability [11]

B = ij. H (1)

H
P –Y o

F=PO j’ p o (2)

–o o 1

where PO is the permeability of free space. However,

microwave phase shifters are generally operated with

the ferrite partially magnetized [12 ]. At low levels of

magnetization the relative permeability of the ferrite

may differ appreciably from unity. To account for this

Schlomann [13] has derived an expression for the iso-

tropic r — f permeability of a demagnetized ferrite

‘,=31-(3’1’’2++

where

(IJ microwave radian frequency;

Ww magnetization frequency ( (2~1’) (4rJfs));

Y gyromagnetic ratio (2.8 MHz/Oe);

4rM, saturation magnetization.

(3)

In this discussion partial magnetization of the ferrite

will be assumed. The tensor permeability of (2) will be

multiplied by the scalar p, and the elements of the tensor

will be taken to be

‘“ (%)e)

where 47rM, is the level of magnetization existing in the

ferrite. Variable phase shift is obtained by changing the

value of 47riW~ in the ferrite.

For a plane-wave propagating in an infinite ferrite

medium along the direction of the applied magnetic

field, the normal modes of propagation are right and left

circularly polarized waves having different propagation

constants [14 ]:

(4)

Here ~ = w/c is the free-space propagation constant, c

is the speed of light in vacuo, and q is the relative dielec-

tric constant of the ferrite.

Consider a linearly polarized wave at some point in

the ferrite. This wave can be decomposed into two sym-

metrical contrarotating components. After propagating

a distance 1, the linearly polarized wave will have its

plane of polarization rotated through an angle 0 due to
the Faraday effect. The Faraday rotation lper unit length

is given by

9–+++).
1

The wave will also undergo a phase shift of

+
–=+@. +B+).

1

(5)

(6)

Faraday rotation also may be observed in waveguide

structures that support cross-polarized propagating

modes.

To demonstrate the effect of the waveguide cross sec-

tion on a Faraday rotator, consider a square waveguide

(a Xa) completely filled with ferrite. It can be shown

that the normal modes are again right and left circularly

polarized waves having propagation constants approx-

imately given by [9]

where

‘“=w~=[+’l”

(7)

(8)

and

The boundary conditions imposed by the waveguide de-

crease the amount of Faraday rotation per unit length

relative to the infinite ferrite medium by

eSQ Wg

6inf
_—— ———

[, - (:~]’’’P+;,K,+]/+] (10)

The factor [1 – (uJw) 2] 1/2 is the dispersion associated

with the waveguide, while 8/zZ is the coupling factor

that accounts for the transverse variations of the field

distributions. In a similar analysis for tlhe completely

filled circular waveguide, Severin [15] obtains a cou-

pling factor of 0.83. Thus equivalent coupling factors are

exhibited by both square and circular ferrite-filled wave-

guides.

1 I. PHASE-SHIFTER ANALYSIS

various versions of the reciprocal Faraday-rotation

phase shifter have been described in the literature [12],

[16], [17 ]. This paper will be concerned with the analy-
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Fig. 1. Phase-shifter geometry.
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sis of the phase shifter shown in Fig. 1. The ferrite and

dielectric sections are glued together and directly metal-

lized to form a waveguide. The permittivity of the di-

electric material is chosen to match the ferrite permit-

tivity closely. The Faraday rotator is magnetized to

provide 45° rotation to a linearly polarized input wave.

The quarter-wave plates are const~ucted by perturbing

the square symmetry of that dielectric section so that a

90° time delay is provided for orthogonal linear fields.

The linear polarizer consists of an absorbent vane which

attenuates the mode whose E field lies in the plane of the

vane. These elements are analyzed here and a transmis-

sion matrix describing the performance of the cascaded

elements is formulated. The analysis treates only square

waveguides of dimension a Xa.

The useful bandwidth of the phase shifter will be

taken as that frequency range for which acceptable

transmission losses are obtained. This bandwidth de-

pends on the frequency dependence and interaction of

the phase-shifter elements, principally the Faraday rota-

tors and quarter-wave plates. These elements provide

proper rotation and phasing only at their design fre-

quency. At other frequencies rotational errors are in-

troduced which result in elliptical polarization at the

output port, The cross-polarized mode is absorbed in

the output linear polarizer and hence a frequency-de-

pendent insertion loss is generated, In order to design

wide-band phase shifters with predictable performance,

it is necessary to analyze these errors.

A. Faraday Rotator

A simplified model of the Faraday rotator consists of

an infinitely long dielectric waveguicle loaded by a fer-

rite section of length 1. The ferrite length required to

provide 45° of rotation at the design center frequency w

in a given ferrite material may be found from (5) and

(7)-(9) with the result

T
lFR=— — ——

,“”’’W’+$’):-(’ -N21 ‘ “1)

Here K= 2/3 (~./ti) since the Faraday rotators are

axially magnetized to approximately 2/3 of the value of

the saturation magnetization of the ferrite.

The transmission matrix describing the Faraday rota-

tor may be found by following the analysis of Gurevich

[16], who considered the transmission and reflection of

plane waves normally incident on a Iogitudinally mag-

netized semi-infinite ferrite slab of length 1, which is

contained between two semi-infinite dielectric regions.

For the square waveguide the normal modes in the fer-

rite are circularly polarized. There are two electric field

transmission coefficients which are

where Eon+ and Ein are the E fields in the output and

input waveguides which are fully filled with a dielectric

medium (e= e~co):

and

~d=[u’~o’o’d-(m’

(13)

(14)

(15)

with f?f given by (7). To use the transmission coefficient

of (13) the fields must be expressed in circularly polar-

ized coordinates. Define [TCP ] as the matrix which

transforms linearly polarized coordinates to circularly

polarized coordinates. Define [TIP ] as the matrix which

transforms circularly polarized coordinates to linearly

polarized coordinates. Then, for the Faraday rotator

for an input field linearly polarized along they direction.

The matrix Tr~ is defined by

‘T”]=[T::1 (17)

The input to the rotator is linearly polarized. The out-

put is in general elliptically polarized since the trans-

mission coefficients TR+ and TR_ are different.

The transmission loss of the Faraday rotator section

is due to the reflections caused by the difference in the

characteristic impedances of the ferrite- and dielectric-

Ioaded waveguides. The total loss is found by evaluating

transmission loss = – 10 log ( I E.\ 2 + \ E. \‘) (18)

using the normalized output amplitudes from (16). The

loss is shown in Fig. 2. Notice that significant losses

(= 0.2 dB) can be expected below the design frequency

for values of kma >0.45.
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Fig. 2. Transmission loss of 45° Faraday rotator as a function
of normalized frequency with kma as parameters.

Fig. 4. Transmission loss of circular polarizer as a function of
normalized frequency for various cut depths of the quarter-w-ave
plate.p-- %“ --4

0 43

where b is the height of the waveguide and a is its width.

If the cut is made so that the propagation constant of

the horizontal mode (&) is delayed, the normalized

characteristic impedances are
Fig. 3. Transmission line model of quarter-wave plate.

[(koa)’ed - 7r2]1/2
——‘0’=~koa)’ed(l -- 13/a)’ - 7r’]’/’

(23)
B. Quarter-Wave Plates

The quarter-wave plates lmay he constructed by re-

moving a longitudinal section of length laW and depth

~, thus perturbing the symmetry of the square wave-

guide. The length of the cut from a given depth is

.ZOu= 1 – f3/a. (24)

Substitution of (23) or (24) into (20) ancl (21) results in

n-

1Qw
(19)

—

The depth of the cut should be small in order not to in- transfer coefficients for the quarter-wave plates Tz

troduce appreciable discontinuity reactance at the or TV.

junctions. If the input wave to the quarter-wave plate section

To calculate the transmission matrix of the c1uarter- is expressed in linearly polarized coordinates, the out-

wave plates, consider the equivalent transmission

shown in Fig. 3. The transmission coefficient for

circuit, neglecting the discontinuity reactance, is

E,

;I

line put ~~ave is given by -

this

[Zlout=[? ~J[~lin

C. Circular Polarizer

{[
= til – p’ exp –j ,B1,W + tan-’

Im (p)

1 + Re (p) 1)
(20)

The tandem 45° Faraday rotator and quarter-wave

plate combination sections produce the circularly

polarized input required in the phase-shift section. This

circular polarizer is nonreciprocal [19]. Assuming that

reflections within this unit are small, the overall per-

formance of the circular polarizer may be calculated by

the matrix multiplication of (17) and (25) with ap-

propriate conversion matrices inserted.

Fig. 4 shows the transmission loss versus frequency

for a linearly polarized input to the Faraday rotator

for different quarter-wave plate designs. The transmis-

sion was calculated by using only the desired sense of

where

j(.z’oz – 1) tan @lqW

p = 2%0 +j(Zo2 + 1) tan@.W “
(21)

For the purposes of this analysis assume that the char-

acteristic impedance of the waveguide is given by

(22)
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Fig. 5. Theoretical maximum and minimum insertion loss
versus normahzed frequency.

circular polarization at the output port. The loss is

caused by reflections and rotational errors which gen-

erate the opposite sense of circular polarization. From

these curves it is seen that a circular polarizer with less

than 0.3-dB loss over a 17-percent band can be easily

obtained.

The circular polarization function can also be ob-

tained using a uniform ferrite section by transversely

magnetizing it with an appropriate quadruple mag-

netic field. Excellent performance can be obtained in

this way [16], [17].

D. Transmission Matrix Analysis of Phase Shifter

The performance of the phase shifter can be calcu-

lated by multiplying the transfer matrices of the in-

dividual components. The transfer matrix of the phase-

shift section is given by (13) with lFR replaced by the

length of the phase shift section, lP,, and (3+ calculated

by (7) with K set by the level of magnetization of the

phase-shift section. Denoting this matrix by

T+ O

[1
[T..] = o ~_ (26)

the overall frequency response of transmission through

the phase shifter may be obtained by the matrix multi-

plication

1?%

[1
= [Tip]“[~FR] “ [T..]~[Tcm]

E y out

“ [TIP]e[Tpsl“ [T.pl o[Tq%]

For a vertically polarized input the transmission loss is

E. ..t
transmission loss TL = – 20 log —

EU in ‘
(28)

The magnitude of the cross-polarized component ap-

pearing at the output may also be calculated from (27).

Fig. 5 shows the theoretical transmission loss as a

function of normalized frequency. At each frequency

— ACTUAL RES+’ONSE

- * - * — ,“~~~~~,c.~
—*-*-

k,#-05

‘~

3, ~,

3x3 IM 115 f.?. *I7 -~s

NORMALIZED FREOUENCY k..

Fig. 6. Comparison of experimental and theoretical
transmission loss of phase shifter.

TABLE I

THEORETICAL AND EXPERIMENTAL DIFFERENTIAL PHASE SHIFT

r 1 I d

koa 3+ (DEGREEs) A o (DEGREES)

THEO. ● EXP. ●

4

1.D6 49s 525

1.165 595 6D6

1.23 645 M5

“kma = 0.5

the maximum and minimum loss is found as the phase-

shift section is incremented through the range of phase

states. These results are compared with experimental

data for several phase states in Fig. 6. The theoretical

loss bounds were fitted to the experimental results at

k~a = 1.13. The deviation at midband is due to mis-

match caused by the transitions used to match into the

reduced cross-section phase shifter. The average loss

level depends upon conductor and dielectric losses in

the phase shifter and on fabrication procedures.

Theoretical calculations predict approximately 1 dB for

this average loss which compares well with the experi-

mental results.

A comparison of theoretical and experimental dif-

ferential phase shift for several different frequencies is

given in Table 1. Note that the differential phase shift

may be predicted with an accuracy of 5 percent.

III. DESIGN CONSIDERATIONS

The major advantage of the geometry selected is that

the performance of the phase shifter can be readily cal-

culated, The theoretical differential phase shift versus

frequency for several ferrites is shown in Fig. 7, while

Fig. 8 shows the maximum transmission loss due to ro-

tational errors. As expected, the differential phase shift

and the rotational loss both increase with increasing

saturation magnetization. Thus for a prescribed band-

width, a choice of ferrite can be made by reference to

Fig. 8. The required phase shift is obtained by adj usting

the length of the phase-shift section, lP..

The transmission loss shown in Fig. 5 was calculated
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Fig. 8. Maximum transmission loss as a function of
normalized frequency for various ferrites,

assuming a perfectly square waveguide. Practical phase

shifters will have manufacturing tolerances and errors

which must also be considered in the loss analysis. Er-

rors in the total length of the device contribute pri-

marily to its insertion phase and can be limited to less

than i- 10° between units without stringent manufac-

turing tolerances (AZ. S 0,005 in).

The transmission loss of the phase shifter is quite

sensitive to the waveguide aspect ration a/a’, As shown

in the Appendix, the normal modes of the ferrite-loaded

waveguide become elliptically polarized when this as-

pect ratio deviates from unity. In order to assess this

effect, theoretical calculations were made for various

aspect ratios. In the analysis this error is assumed to be

constant along with the length of the phase shifter.

Fig. 9 gives the frequency variation of the rotational

losses for various values of aspect ratio over a 1O-percent

frequency band. From these curves it is seen that the

aspect ratio must be closely controlled in order to re-

duce excess rotational losses. This is the most severe

manufacturing tolerance on the phase shifter. Experi-

mental data have verified these results.

““;,,’;~~, , , , ‘1, j
km. = 0-5
Id . ,J

10 ,05 ,,1 ,,,5 ,20 ,,25 ,2 ,~~

NORMALIZEDFRECWWWY . ke.

Fig. 9. Maximum transmission loss as a function of normalized
frequency for various waveguide aspect ratios (a/a’).

Fig. 10. Theoretical insertion phase variation with temperature
at~=9.4 GHz.

IV. TEMPERATURE AND POWER CEIARACTER.ISTICS

The material property which determines the tem-

perature and power-handling characteristics of the

phase shifter is the saturation magnetization of the

ferrite, As temperature increases, the saturation mag-

netization decreases, resulting in a decrease of differ-

ential phase shift and an increase in insertion phase.

Using published data [20 ] for the change in 4qr~1, with

temperature, the effective permeability a,s given by (3)

was calculated, and its effect on the variation on inser-

tion phase is shown theoretically in Fig. 10 as a function

of temperature. Thus phase shifters using high values of

4xM. will be quite temperature sensitive. This is an-

other consideration in the choice of ferrite material. At

X-band measurements on a 360° phase shifter made

from TT1-390 show a temperature sensitivity of about

3° insertion-phase increase per degree Celsius. This is in

good agreement with the theoretical results shown in

Fig. 10. (Also see [17].)

Theoretical and experimental results show that the

differential phase shift is not a sensitive function of

temperature. The principal mechanism, which reduces
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the differential phase shift, is a reduction in the off-

diagonal elements of the Polder tensor. The transmis-

sion loss of the phase shifter is insensitive to tempera-

ture until rotational losses caused by changes in w/w

become significant, Low-power tests indicate that the

transmission loss remains constant up to ambient tem-

peratures of 100°C.

The ambient temperature of the phase shifter is de-

termined by the heat input due to its loss and by the

temperature of the heat sink to which it is connected.

At high average-power levels, the increase in phase-

shifter temperature causes a large rotational loss. This

power is absorbed in the output linear polarizer and, if

the thermal capacity of this polarizer is exceeded, re-

sults in device failure. The average power required to

induce failure thus depends on low-power insertion loss,

method of cooling, and the dissipation rating of the

polarizer. Test results at X band have demonstrated

operation above 150 W of average power with forced

air cooling.

The peak-power handling capability of the phase

shifter is determined by the onset of spin-wave in-

stabilities and increases as uJu decreases. High-power

tests at X band on the experimental phase shifters show

this limit to occur at 1 kW for COJOJ = 0.67. Specially

designed high-power phase shifters of this type have

been reported [21 ] with peak-power handling capability

in excess of 100 kW.

V. DISCUSSION

An analysis of reciprocal Faraday-rotation ferrite

phase shifters of square cross section has been presented

and experimentally substantiated. This analysis pro-

vides a systematic approach to the design of wide-band

high-performance phase shifters. The experimental di-

rect-plated devices had a 1.3-dB insertion loss at X band

and a 1.7-dB insertion loss at Ku band, both over a 10-

percent frequency band, with over 360° of linear phase

shift. In general this technique yielded attenuation

factors of about 0.2 dB/in at X band and 0.3 dB/in at

K. band for the phase shifter. The geometry is con-

venient for latched operation and for efficient cooling.

An error analysis has shown that one limitation to this

approach is the stringent manufacturing tolerances on

the aspect ratio of the waveguide.

The analysis also makes evident tbe tradeoffs avail-

able based on the choice of ferrite. All of the perfor-

mance characteristics of the phase shifter are enhanced by

the use of a low-saturation magnetization ferrite with

the single exception of length and thus total transmis-

sion loss. The data presented here make it possible to

choose an appropriate value of 4xitf, for a given ap-

plication.

AFmN~lx

NORMAL MODES OF NEARLY SQUARE WAVEGUIDES

The normal modes of a longitudinally magnetized

ferrite-filled square waveguide are right and left circu-

larly polarized modes with propagation constants given

by (7) and (8). In the case of the nearly square wave-

guide, the height (a’) and the width (u) differ slightly.

From [9] the normal modes of propagation satisfy the

following transmission line equations:

1 dzIIO
—

@012 dz2 — —
/JIlo – jklol)

1 d2101
— — = p(julo + ~ol)

/?,,2 dz’

(29)

(30)

where

‘“’=”ti~=[’-(:)l’” ’31)

—[1-(91”2 ’32)
fio2 = tidi.4oEoP,ef

%-
CoGl = (33)

av’yrqpllco

%-
~c2 == —.— (34)

a‘ v’prcfp oco

–8 K

k=z —. (35)
w

Here 130, is the unperturbed propagation constant of the

TEIO mode and 50, is the unperturbed propagation con-

stant of the cross-polarized TEOI mode in the waveguide.

Assuming solutions of the form

110 = Ioe–~~z (36)

10I = 10’e–@ (37)

and substituting these in (29) and (30) gives

;=3+’ w+4(1+~l ’38)

where

(39)

Here, 10 and 10’ represent the transverse magnetic field

intensities for the TE1O and TEO1 modes in the nearly

square waveguide. Since from (38) the modes are in

time quadrature, and since the magnitude of the ampli-

tude ratio is, in general, different from unitv, it is con-

cluded from (38) that the normal modes in the nearly

square waveguide (~= O) are elliptically polarized, with

the + and — giving opposite senses of elliptic polariza-

tion.

The ellipticity of these normal modes vary with wave-

guide aspect ratio, frequency, and ferrite magnetization

and is plotted in Fig. 11 for various aspect ratios (a’/a)

and a particular saturated ferrite. Notice that the

ellipticity is different for the two senses of polarization.

The propagation constants of the normal modes in

the nearlv sa uare wavesmide can be found from the



HORD et al.: RECIPROCAL FARADAY-ROTATION PHASE SHIFTER 119

1,608

1.006 t

0996+

0s94
t

0.992 F

{

0.990

1.008

0,996

1-
0,9?4 !-

I I 1 I I 1-

1.01 1<

97

km. = O 555
<f . ,3

1,01

100

1

-+- 1 I I I I I 1-j
1.0 1.1 1,2 1,3 1,4 1,5 1,6 1,7

NORMALIZED FREQUENCY– koa

Fig, 11. IVorrnal mode ellipticity versus normalized frequeacy for
various waveguide aspect ratios (a/a’).

solution of (29) and (30) with the result

D’
-[

(2+8 * <(2+02-4(1+0(1 –k’)—
1

—--– , (40)
B012 – 2(1 + .$)

The ellipticity and the altered propagation constants

in the nearly square waveguide degrades phase-shifter

performance by introducing additional rotational errors

and hence transmission loss.
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